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Abstract—Numerical solutions of the two-dimensional laminar boundary-layer equations for flows with
heat transfer and adverse pressure gradient are presented for water. Experimental values (in the range
0-100°C) for the viscosity, conductivity, specific heat and density are used. On introducing the Howarth—
Dorodnitsyn and Gértler transformations the boundary-layer equations are put in a form suitable for
numerical work. The resulting pair of coupled partial differential equations are solved, using the implicit
method of Hartree and Womersley, first for the flow past a flat plate with main stream velocity u,, = u,
(1 — x/8¢) and secondly for the potential flow past a circular cylinder with main stream velocity u,, =
u, sin (x/c). Boundary-layer characteristics such as displacement and momentum thicknesses, skin friction
and heat-transfer coefficients are evaluated up to the point of separation. The effect of variable fluid prop-
erties is to move the position of separation either upstream or downstream of the known incompressible
isothermal flow location depending on whether the wall is cooled or heated. For example, with main
stream velocity u, = u, (1 — x/8¢) the numerical evidence obtained indicates that separation is likely
to occur at approximately x,/c = 0959 (Pr,,/Pr,)t. In the case u,, = u, sin (x/c) the approximate location
is given by x,/c = n/2 + 0-25 (Pr,,/Pr,)}*. Here Pr,, and Pr,, are, respectively, the wall and main stream
Prandtl numbers.

NOMENCLATURE
c, representative length [cm]; X, Y, Howarth-Dorodnitsyn variables, see
Cp specific heat at constant pressure equation (7).
[cal/g decC];
Cs, dimensionless skin friction coeffici- Greek symbols
ents; 01,0, boundary-layer thicknesses [cm];
1, dimensionless velocity function at U, viscosity [g/cms];
x/c = 0; T, shear stress;
F, dimensionless velocity function; 0, dimensionless temperature function
h, mesh length in the n-direction; at x/c = 0;
k, thermal conductivity [cal/cm/s deg e, dimensionless temperature function;
Cl; 4, =(Gi+1 + MGy — &3
Nu,, local Nusselt number; P, density [g/cm?];
p, pressure; & n,  Gortler variables [see equation (8)];
Pr, = uc,y/k, Prandtl number; v, stream function.
Re,_, =pu, x/u, Reynolds number;
T, temperature [°C]; Subscripts
u,v,  velocity components [cm/s]; i, J, finite difference mesh point;
X,y, coordinates along and perpendicular m, main stream condition;

to the wall [em];
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M, number of iterations;



N, number of mesh points in the -
direction;

s, separation point condition ;

w, wall condition.

1. INTRODUCTION

SEVERAL theoretical investigations have been
made on the effect of variable fluid properties on
flow and heat transfer in a laminar boundary
layer in liquids. On assuming that the viscosity
of the liquid varies with the temperature and all
other properties are independent of the tem-
perature Schuh [1] has considered the flow past
a semi-infinite flat plate with zero pressure
gradient. The plate was maintained at a tem-
perature different from that of the mainstream
and the viscosity temperature dependence was

chosen as
e = T, + T\’
H by = T+’I; s

where b and T are constants. Schuh solved the
relevant similarity equations by employing an
iterative technique. Later Seban [ 2] showed how
this boundary value problem could be converted
to an initial value problem by means of a well
known transformation due to T6pfer (see Curle
[3]). Seban extended the numerical work of
Schuh and gave information for a wide range of
values of the parameter u,,/u,, the ratio of wall
to mainstream viscosity, and for various values
of the wall Prandtl number. The model liquid
mainly considered was one with exponent b = 3.
In particular when Pr, = 10 and 02 < p,/u,,
< 4-4 Seban’s results indicated that heat-transfer
coefficients varied by at most +14 per cent
from those determined employing a constant
fluid property model based on the wall tem-
perature as the reference temperature; skin
friction coefficients varied from —14 to 19 per
cent from constant fluid property values based
on the mainstream temperature as the reference
temperature. It was further established that
gross effects of the variable viscosity was con-
trolled by the mainstream Prandtl number since
this gave the degree of penetration of the
thermal boundary layer into the liquid.
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From the results of Seban quantitative infor-
mation could be obtained for a particular liquid
and specific wall and mainstream temperatures
deduced by means of a suitable interpolation
procedure. However, from a computational
viewpoint, it is probably more economical to
solve the generalized Blasius equations directly
by an iterative procedure, say, employing the
Runge-Kutta method. Such calculations have
been performed by Poots and Raggett [4] for
the laminar boundary layer on a flat plate in
water. Experimental values (in the range 0~
100°C) for the viscosity, conductivity, specific
heat and density were employed. These results
indicated that in the case of a heated wall with
T,, = 0°C and T,, varying from 0 to 100°C the
dimensionless Nusselt number Nu/Rel can
increase by as much as 31 per cent, whilst the
dimensionless skin friction coefficient C, Re}
can decrease by at most 33 per cent. For a cooled
wall with T, = 100°C and T, varying from
100°C to °C there is a possible reduction of
12 per cent in Nu/ReZ and an increase of 20 per
cent in C; Re}. These trends are in agreement
with the work of Schuh and Seban and further
demonstrate that maximum deviations from the
constant fluid property model occur when the
wall is heated. In [4] the effect of variable fluid
properties on the steady rotationally symmetric
flow in the presence of an infinite rotating disk
in quiescent fluid was also examined. Here again
maximum deviations of the heat transfer and
moment coefficients from the corresponding
constant fluid property values occur when the
disk is heated.

It would be desirable to have theoretical
information on the effect of variable physical
properties on flows with adverse pressure
gradient. For compressible flow with heat trans-
fer and adverse pressure gradient of a model gas,
with Prandtl number unity and viscosity in-
creasing linearly with increasing temperature, it
is known (see Stewartson [5]) that heating the
wall produces an earlier separation of the
boundary layer. In the boundary-layer flow
with adverse pressure gradient in water, where
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the viscosity decreases with increasing tem-
perature, it is to be anticipated that heating the
wall will delay separation.

The object of this paper is to report on
theoretical results obtained on the numerical
integration of the two-dimensional boundary-
layer equations with adverse pressure gradient
and heat transfer in water. Two flow regimes are
considered for various wall and main stream
temperature differences. Following previous
investigations the first example to be examined
is the flow past a semi-infinite flat plate placed
edgewise to a stream with velocity u, = u,
(1 — x/8c), where ¢ is a representative length
and x is measured from the leading edge. The
corresponding numerical solution for the iso-
thermal boundary layer in incompressible flow
has been considered by Howarth [6], Hartree
[7] and Leigh [8]; asymptotic solutions in the
upstream neighbourhood of the point of separa-
tion have been investigated by Goldstein [9],
Jones [10], Terrill [11] and Stewartson [12].
Related compressible flows of a model gas (with
Pr =1, poc T) have been considered numeri-
cally by Curle [13] and Poots [ 14]; the analytic
behaviour of these solutions in the vicinity of
a point of vanishing wall shear stress has been
considered by Stewartson [15]. The second
example considered is for the flow with main-
stream velocity u,, = u, sin (x/c) corresponding
to the incompressible potential flow past a
circular cylinder of radius c¢; x being measured
from the forward stagnation point. Information
on theincompressible isothermal boundary layer
is available from the work of Terrill [11].

In this investigation the two-dimensional
boundary-layer equations are put in a form
more amenable to numerical analysis on intro-
ducing the Howarth-Dorodnitsyn and Gortler
transformations. The implicit procedure of
Hartree and Womersley (see Hartree [7]) is
employed in the numerical integration of the
resulting pair of coupled parabolic partial
differential equations, the details of which are
given in the Appendix.

It must be emphasized that from these
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numerical solutions it is not possible to give a
precise location of the point of separation, where
(Ou/0y),, = 0. Indeed, as in the numerical inte-
grations for the constant fluid property model
discussed in [6-9], there is a breakdown-in the
numerical process in the neighbourhood of
vanishingly small skin friction. However, in this
case it has been established [9-12], that the
breakdown was due to an algebraic singularity
of the form (u/dy),, ~ (x — x,)* where x = x, is
the point of separation. No such theory can be
envisaged for the type of variable fluid property
model proposed in the present paper. Thus there
would appear to be some justification for exam-
ining the analytic behaviour of the flow at a point
of zero skin friction with heat transfer using a
simplified variable fluid property model applic-
able to liquids of the form:

P = Pm Cp = Cpms

R

u Hyw Tm - Tw Hm Py ’ (1)
T-T,

k=k, + (Tm — T) (ke — k).

This investigation would perhaps follow closely
that of Stewartson [15] for the compressible
boundary layer with adverse pressure gradient.
In the case of a model gas with gy oc T and Pr = 1
Stewartson has shown that the boundary layer
can only develop a singularity at a point of zero
skin friction if the heat transfer at this point is
zero. Stewartson also shows that this conclusion
is true for a real gas. In the absence of informa-
tion of this type for a variable fluid property
model given by expressions (1) it is impossible
to fully appreciate the behaviour of liquid flows
from the numerical solutions alone, especially
when these cannot be extended beyond an
estimated value of x, at which breakdown in the
numerical process occurs. In general at this
value of x, the wall gradient (0u/dy), is small
and it is assumed that at x = x, boundary-layer
separation occurs. Thus results are presented
on the effect of heating or cooling the wall on
flow and heat-transfer characteristics from the
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point of attachment at x = 0 up to the approxi-
mate location of the point of separation at
x = x,. In particular information is obtained on
the effect of variable fluid properties on the
location of x,.

2. THE TWO-DIMENSIONAL LAMINAR
BOUNDARY-LAYER EQUATIONS
The governing equations of conservation of
mass, momentum and thermal energy in a two-
dimensional steady laminar boundary layer are,
respectively,

il 0
s b—y(pv) =0, 2)

Gu, o, Y O[O0 g
pé@x U@y>_p"""dx Jy #0y)’

and
oT oT o( T
”Cv(“a + "a—y> = b}é‘ a)- @

Here u and v denote the velocity components
in the x and y directions, x being measured
along the surface and y along a normal; T is
the local temperature and u,(x) is the main-
stream velocity. In these equations the gravi-
tational body force, viscous dissipation and
work done against compression have been
neglected (see, for example, [4]).

The boundary conditions are:

u=v=0, T=T, aty =0,
x =0,
(5)
u — u,(x), T-T, as y- o,
x=0.

At present the remaining conditions at x = 0,
0 € y < oo are not specified as they depend on
the geometrical shape of the surface and its
orientation to the free stream direction. To
complete the above set of equations (2-5) it is
assumed that the variation of the liquid prop-
erties with temperature is known from experi-
ment.

G. POOTS and G. F. RAGGETT

Introducing the stream function ¢ defined by

pu = p,, 0Y/oy, pv = —p_ oYox, (6)

the Howarth-Dorodnitsyn variables :

¥

X =x, Y=§7,’idy, (7)
0

the Gortler transformation (see Curle [3]):

. ®)
N = Yun(X) / {2 f’f— S 4 X) dx}’,

m

and the new dimensionless variables F and 0,
such that

v =Emot R, ), }
Pm 9)
T=T,+ (T, - T,) O ),

the boundary-layer equations (2—4) now reduce
to

2 (.50) st mofs
() b w o
and

B(&) = 2&L" ALY, (12)

the dash denoting differentiation with respect
to X. The velocity field is related to F by

u = u, 0F/on,
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— _Pmfortpbim (F OF
’ p {(26) f;o,.. (25 * ot

n oF Y
+(B — 1)2~f 55) +u (‘a?),}‘ (13)

The boundary conditions (5) transform to

F = 0F/on = 0, 6 =0,
at n =0, E=0
OFjon — 1, 61
as 17— o, E=0. (14)

Note that the main advantages, from the
viewpoint of numerical computation, of intro-
ducing the transformations (7) and (8) can best
be seen on considering the final form of the
transformed boundary-layer equations (10) and
(11) subject to the boundary conditions (14).
The Howarth-Dorodnitsyn transformation en-
ables the stream function y to be introduced in
a concise manner and so avoiding, in particular,
the occurrence of partial derivatives of p with
respect to x and y. When the Gortler transforma-
tion is employed the mainstream velocity only
enters the equations explicitly in the form of
B(£) and, moreover, the boundary conditions on
F are standardized. The latter, as will be seen
in the Appendix, produces some simplification
in the formal development of an iterative matrix
scheme to be employed in the solution of (10)
and (11).

It remains to specify the two different flow
configurations to be considered.

Flow past a flat plate

Consider the flow past a flat plate placed
edgewise to an incident stream when an adverse
pressure gradient is superimposed. The plate is
defined by y = 0, x > 0 and the main stream
velocity distribution is chosen as

(15)

the plate is maintained at temperature T,, and
the main stream temperature is denoted by T,,.
Thus the boundary conditions at the leading
edge are:

U, = Uy (1 — x/8¢);
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U = g, T=T, at x=0, y > 0.

(16)

In terms of the F and @ variables these yield,
since B(&) — 0 as & — 0, the conditions:

FO,m =f(n), ©O0O,n=20n, (17

where f(n) and O(n) satisfy the differential
equations:

d ( pu df
dn\ ppmptm dn

d (pk doy
dn \puks dn

The appropriate boundary conditions are:

&

i 0, (18)

pr. 2% _o (9
Cp dn

=%I—=9=0 at n=0,
¥ (20)
ﬂ—»], 61 as 7 - 0.
dn

The above equations (18-20) determine the
variable fluid property generalization of the
classic Blasius—Pohlhausen flow past a flat plate
with heat transfer and zero pressure gradient.
In [4] numerical results of these similarity
solutions for various combinations of wall and
main stream temperatures, are given for water.

The transformed boundary-layer equations
(10) and (11) must now be solved subject to the
conditions (14) and (17); B(&) as defined in (12)
is determined using expression (15). For an
isothermal flow (when T, = T,) equation (10)
reduces to that for the constant fluid property
model which has been considered in detail by
Howarth [6], Hartree [7] and Leigh [8]. In this
case the boundary layer separates at x,/c =
0-95854 and in the upstream neighbourhood of
the separation point (du/dy), ~ (x — x,)* (see
the work of Goldstein [9], Jones [10], Terrill
[11] and Stewartson [12] for details).

Potential flow past a circular cylinder
A circular cylinder is maintained at constant
temperature T,. The incident free stream at
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temperature T, flows in a direction perpendi-
cular to the axis of the cylinder. The main stream
potential flow is given by

U,, = U sin (x/c), (21)

where uy = 2u,, u, being the undisturbed free
stream velocity at large distances from the
cylinder. Here x is measured round the cylinder
from the forward stagnation point and c is the
radius of the cylinder. As x - 0, B(£) - 1 and
0

FO,m=f(m), 60, =46n, (22)

where f and 6 satisfy the differential equations:

d fpu &\ &  pm  (dS\
aﬁ(p,.pma?)+fan‘z+(7‘(a;>)‘°’

(23)

and

d [ pk do c, 40
dn (p,..k.,, drl) PP Ty =% @

subject to the boundary conditions given in (19).

The similarity solution for the two-dimen-
sional stagnation point has been investigated in
detail for the constant fluid property model,
T, — T,; flow and heat-transfer characteristics
are known for a wide range of Prandtl numbers
(see Curle [3]). To date the results on the
similarity solutions for water with variable
fluid properties are not available in the literature.
However, some representative numerical solu-
tions have been obtained, using an iterative
matrix scheme given in the Appendix, and these
will be discussed later.

For the potential flow past a circular cylinder
the transformed boundary-layer equations (10)
and (11) are now solved subject to the boundary
conditions (14) and (22); B(¢) as defined in (12)
is determined using expression (21). The constant
fluid property model equation obtained on
letting 7,, —» T,, in (10) has already been con-
sidered by Terrill [11]. Terrill gives numerical
results on velocity profiles, displacement and
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momentum thicknesses, and wall skin friction as
a function of the distance from the forward
stagnation point; the point of separation was
located by Terrill at x,/c = 1-822983 rad. Terrill
also investigates the analytical properties of
this solution upstream of the separation point.

3. FLOW AND HEAT-TRANSFER
CHARACTERISTICS

Before presenting a discussion of the num-
erical results it is convenient at this stage to
collect definitions of certain flow and heat-
transfer characteristics. In terms of the Howarth—
Dorodnitsyn and Gortler variables the wall
shear stress is

Ou Pw
Tw = HUwl| 5= = Hyw 3
ay y=0 pm

2
“Hn 2t

the related dimensionless skin friction coefficient
C, is
Ix

(@*F/on)y;  (29)

Cy, = Tw/3 Pmlinl). (26)

The local wall Nusselt number is given by
Nu, = x(0T/0y)o/T,, — T,)
el @
and the local Reynolds number, based on main
stream properties, is defined as
Re,, = Pulty(X) X/l (28)

It is useful to evaluate some overall measures
of the fluid boundary-layer thickness. These are
the displacement thickness
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and the momentum thickness
u
1-—\d
(-u)®

pu
5, =
2 S Prmth
0 [+ o)

@t [ oF oF
- T T o

In non-dimensional form the above relations

become::
X\ (X
C, Ret_=a, (E) s (Z)’ (1)
x\ [x
Nu,/Re; = a, (Z) s (z), (32)
5,_Ret /x = a, (%) /s (E) (33)
and
5, Ret _/x = o, ;) /s G) (34)
In expressions (31) to (34)
N ()]) P,
o = /2 oh). (0°F/on®),, (35)
1
1 = ﬁﬁ—:(ae/arno, (36)
{ Pm p OF
=N\ L=
AN S ; ( 2 a,,) dn (7
and
oF oF

The function s(x/c) is determined by the shape
of the immersed body and the free stream con-
ditions. For the flat plate with retarded main
stream velocity u,, = ug(1 — x/8¢):

s (5) = JI(1 = X8I/ - x/169];  (39)

for the potential flow past a circular cylinder with
u,, = U, sin (x/c):
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4. NUMERICAL SOLUTIONS FOR WATER

Property values. The physical properties are
taken to be those for saturated water at the
appropriate temperatures. The data for water
are taken from tables compiled by Mayhew and
Rogers [16]. In cgs units these experimental
values are adequately represented, as discussed
in [17], by algebraic expressions in T; for
example:

10
p=exp X CA[T, + (T, — T,) 8¢, n)
— 50°C]/50°C}".

Solutions. Numerical solutions of the
boundary-layer equations are obtained for
the flat plate with retarded main stream velocity
u,, = ug(l — x/8¢) for the following wall and
main stream temperatures (T,, T,) = (0, 100),
(40, 100), (100, 100), (0, 0), (40, 0) and (100, 0).
For the potential flow past a circular cylinder
with u,, = u, sin (x/c) solutions for (T,, T,) =
(0, 100), (100, 100), (0, 0) and (100, 0) have been
obtained. The integration procedure is given
in the Appendix. The flow and heat-transfer
characteristics (02F/on*)o, (00/0n)o, 6, Red_/x,
b, Ret _/x, 8, Ret /x, C; Ret /x and Nu_/Re?
as functions of x/c are given in Tables 1 and 2
for the flat plate and in Tables 3 and 4 for the
circular cylinder. These tables have been rounded
off to three decimals. Note that in each case
the terminal value of x/c is an estimate, to
within an error of (-1 per cent, of the position
of breakdown of the numerical integration
procedure. In the neighbourhood of this value
of x/c the gradient (du/dy),, is small; as pre-
viously discussed, it is assumed that boundary-
layer separation occurs at this location.

5. RESULTS AND DISCUSSION
The effects of heating or cooling the wall on
the flow and heat transfer for the flat plate and
circular cylinder will be discussed separately.
In the case of the flat plate the variable fluid
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Table 1. Flat plate, u,, = uy (1 — x/8¢)

2
x/c (a—i) <a2 8, Re¥/x 8, Ret/x C; Ret Nu,/Ret
on* Jo o Jo *
T,=0,T, =100
00 0-0850 0-480 2-780 0-795 0-795 0354
02 0-0696 0-453 2975 0-817 0-647 0333
03 0-0607 0438 3099 0-828 0-562 0-320
04 0-0507 0418 3254 0-841 0-468 0-304
0-5 0-0390 0-391 3456 0-854 0-359 0-284
06 00243 0351 3761 0-868 0223 0-254
0-677 0-006 0-277 4281 0-879 0-054 0-200
T,=40,T, = 100
0-0 0221, 0-505 2239 0753 0-753 0-370
02 0-189 0-482; 2384 0-774 0-639 0-351
04 0-150 0453 2577 0-798 0-505 0327
06 0-101 0407 2-869 0-826 0-337 0292
07 0-068 0370 3-104 0-841 0226 0-265
0-8 0-011 0-270 3-665 0-857 0036 0192
0-803 0-007 0-259 3708 0-858 0-024 0-185
T, = 100, T,, = 100
0-0 0-470 0-569 1-720 0-664 0-664 0-402
02 0414 0-550 1-821 0-684 0-582 0386
04 0-350 0-525 1-947 0-707 0-488 0-366
0-6 0272 0-491 2118 0732 0-377 0-340
08 0-170 0437 2383 0-762 0-233 0-300
09 0096 0-386 2616 0-779 0-131 0-265
0958 0-005 0-283 2:991 0-789 0-007 - 0-194
Table 2. Flat plate, u,, = uy {1 — x/8¢)

oF 00

S — 3 + 3 4+
x/c ( a"z)o (611 )0 3, Re} /x 8, Re} /x C, Re}, Nu,/Re},

T,=0,T,=0
00 0-470 1141 1-720 0-664 0-664 0-801
02 0414 1-093 1-821 0-684 0-582 0-768
04 0-350 1-032 1947 0-707 0-488 0-720
0-6 0-272 0947 2-118 0-732 0377 0-657
0-8 0170 0-812 2-383 0-762 0-233 0-559
09 0-096 0-686 2616 0779 0131 0-470
0-958 0-005 0-427 2:991 0-789 0-007 0-292
T,=40,T, =0

00 1117 1315 1221 0-573 0575 0923
02 1-022 1277 1-284 0-592 0-522 0-890
0-4 0914 1-231 1-359 0613 0-464 0-853
0-6 0789 1-174 1-450 0-637 0-398 0-807
08 0-641 1-098 1-567 0-663 0321 0750
1-0 0-454 0987 1-731 0693 0-225 0-669
11 0334 0903 1-848 0710 0-165 0610
1-2 0170 0-760 2-026 0-728 0-084 0-511
1-246 0-016 0-531 2:221 0737 0-008 0-357
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Table 2—continued

2
x/e (9—1:) (?2) *8; Re} /x 5, Ret /x C, Re!,  Nu,/Ret
° on/e
T, =100,T, = 0
00 2060 1-535 0-827 0437 0-440 1-040
02 1925 1-504 0-865 0452 0-409 1012
04 1774 1-468 0909 0-469 0-374 0981
06 1-602 1-424 0959 0-488 0336 0946
08 1-404 1-370 1020 0-509 0-292 0903
1-0 1171 1:299 1-096 0-532 0-242 0-850
12 0-883 1-202 11194 0-559 0-181 0-781
14 0-489 1-039 1342 0-589 0-099 0669
1-5 0-160 0-848 1-479 0-606 0033 0544
1-520 0-000 0673 1-550 0-610 0-000 0-432
Table 3. Circular cylinder, u,, = u, sin (x/c)
62F) 06
x/c —— — 8: Ret_/x 8, Ret /x C; Re}_ Nu,/Re}_
(rad) <3ﬂ2 0 (6'1)0 P B T
T,=0,T, =100
00 0-287 0634 1-105 0-398 3-792 0662
04 0-281 0630 1-125 0-403 3692 0-653
08 0-262 0-616 1-194 0422 3-366 0-625
12 0219 0-579 1-358 0463 2709 0-566
1-4 0-180 0-541 1-521 0497 2-166 0515
16 0114 0-464 1-850 0-549 1334 0-427
17 0057 0371 2241 0-586 0-654 0335
1742, 0-007 0232 2-781 0-605 0083 0207
T, = 100, T, = 100
00 1233 0-705 0-649 0291 2:467 0705
04 1213 0701 0-661 0-296 2-409 0-696
08 1-143 0-689 0-702 0312 2-224 0670
12 0990 0659 0797 0-345 1-853 0-617
14 0-852 0629 0-887 0374 1-554 0-573
16 0631 0-572 1-047 0417 1112 0-504
17 0-459 0520 1-192 0-447 0-793 0-449
18 0175 0-401 1-491 0-487 0296 0339
1-820, 0-057 0-324 1-658 0-497 0-096 0272
property Blasius velocity and thermal profiles 5(a) The flat plate

at the leading edge are deformed by the adverse
pressure gradient applied from the leading
edge. However, in the case of the circular
cylinder the variable fluid property profiles at the
stagnation point are deformed first by the
acceleration region 0 < x/c < /2 and then
by the retarded region x/c = m/2, since
U, = U sin (x/c).

Velocity and thermal profiles. Representative
dimensionless velocity profiles for the extreme
cases (T,, T,,) = (0, 100), (100, 100), (100, 0) and
(0, 0) are given graphically in Fig. 1 for various
stations along the wall from the leading edge
at x = 0 to the estimated position of separation
x = x,. The associated cooled wall thermal
profiles are given in Fig. 2 and the heated wall
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Table 4. Circular cylinder, u,, = u, sin (x/c)

0°F (6@)
x/¢ — — 8, Rel /x 8, Rel_/x C, Ret /Rel
(rad) (a’ll )o .01 Jo ! o z / I * Nit/Ren,
T,=0,T,=0
00 1-233 1-488 0-649 0-291 2:467 1-488
0-4 1213 1-480 0-661 0-296 2-409 1470
0-8 1-143 1-448 0702 0312 1-224 1-409
12 0-990 1373 0797 0-345 1-853 1-286
14 0-852 1-298 0-887 0374 1-554 1-183
1-6 0-631 1-159 1047 0417 1-112 1-021
1-7 0459 1-029 1192 0-447 0713 0-889
1-8 0-175 0-736 1-491 0-487 0-296 0622
18204 0-057 0-540 1-658 0-496 0-096 0-454
T, =100,T, = 0

0-0 4-060 1-804 0-300 0157 1-227 1-728
04 4-008 1-797 0-305 0-160 1-203 1710
0-8 3-831 1774 0-324 0170 1-126 1-653
12 3443 1-718 0-365 0-190 0975 1-541
14 3-100 1-663 0402 0-208 0854 1-453
1-6 2-562 1-569 0461 0-235 0-683 1-325
1-8 1-614 1367 0-575 0-277 0412 1-107
1-9 0723 1-104 0-697 0-308 0-180 0-872
1935 0063 0762 0-801 0-321 0015, 0-596

thermal profiles in Fig. 3 both at the leading
edge and point of separation ; the constant fluid
property thermal profiles for (T, T,) = (0, 0)
and (100, 100) are also indicated. As the Gortler
variables £ and n are defined using the reference
temperature 7, it is only permissible to compare
profiles with the same small Reynolds number
Re,,.

For the two sets of velocity profiles specified
by (T,, T,,) = (0, 100) and (100,100} it is seen
that the effect of cooling the wall moves the
point of separation upstream, ie. from
x,/c = 0959 when T, = 100 to x,/c = 0677
when T,, = 0. The reason for this is as follows.
As the wall temperature decreases the shear
stress across the boundary layer increases and
this effect enhances the retardation effect of the
main stream. Note that all of the cooled wall
profiles have a point of inflexion. As already
pointed out in [4] such profiles are probably
unstable even at large Reynolds numbers.
Quantitative information on these trends is

available in Table 1. At any station, say x/c = 04,
prior to separation, (3%F/dn?), decreases as T,
decreases from 100 to 0°C. There is, as expected,
a corresponding increase in the skin friction
coefficient C,_. An actual decrease in velocity
will reduce the rate of heat transfer by convection
hence giving the observed decrease in the
thermal profiles for (7,,, T,,) = (100, 100) (0, 100)
as seen from Fig. 2. Note that the shape or
exponential decay of the thermal profiles is
controlled by the value of the main stream
Prandtl number Pr,, (see [4]).

Consider the heated wall velocity profiles
(T,, T,,) = (0, 0) and (100, 0) given in Fig. 1.
Heating reduces the viscosity and hence the
shear stress across the boundary-layer, leading
to a local increase in velocity at any station.
Thus the retardation effect of the main stream
is opposed and the point of separation moves
downstream of the constant fluid property
location; with main stream temperature 7,, =
0°C x,/c is located at 0-959 when T,, = 0°C, and
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FIG. 3. Dimensionless heated wall thermal profiles for
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at 1-520 when T, = 100°C. Furthermore, the
local increase in velocity leads to an increase in
convective heat transfer giving the observed
increase in the local temperature profiles as in
Fig. 3 for (T, T,,) = (100, 0) and (0, 0).

The above general trends on fluid velocity
due to the effect of heating or cooling the wall
are as expected, since the viscosity decreases with
increasing temperature. It is interesting to note
that the constant fluid property separation
velocity profile at x,/c = 0959 for (T,, T,) =
(100, 100) and the cooled wall Blasius profile at
the leading edge (x = 0) for (T, T,,) = (0, 100)
overlap near the wall and are approximately
equal at the outer edge of the fluid boundary
layer. Finally the effect of heating or cooling
the wall on the location of the separation point
is adequately represented by the following
correlation :

Pr, \!
= O Iim
x,/c = 0959 (Pr)

w,

(41)

G. POOTS and G. F. RAGGETT

This rather simple empirical result was obtained
from the values of x /c given in Tables ! and 2 by
using the method of least squares.

Boundary-layer thicknesses. The dimensionless
displacement and momentum thicknesses
8, Ret /x and &, Re} /x as previously defined
are given in Table 1 for a cooled wall and in
Table 2 for a heated wall. Due to the adverse
pressure gradient and resulting separation the
boundary-layer thicknesses 6, and d,, initially
proportional to \/ x at the leading edge, increase
rapidly in the vicinity of the separation point.
Heating the wall reduces the downstream growth
of the boundary-layer thickness, whilst cooling
the wall increases the rate of growth.

Skin friction and heat-transfer coefficients. The
dimensionless group C, Re}_is tabulated for
various combinations of.the wall and main
stream temperatures in Tables 1 and 2. For fixed
main stream Reynolds number Re,_at any
station prior to separation the skin friction
coefficient increases with decreasing wall tem-
perature. It is instructive to plot the scaled
dimensionless quantity C, Re? /C, Re}, (ie.
the ratio of the local dimensionless group
C,, Re}_toits Blasius value at the leading edge)
against x/x, For the limiting cases (7, T,,) =
(0, 100), (100, 100), (100, 0) and (0, 0), as given in
Fig. 4, it is seen that the variable fluid property
values for C; Re} /C, Rel for all combina-
tions of the wall and main stream temperatures
are given accurately by the constant fluid prop-
erty values. In the region 0< x/x, <095 the
errorisat most 1 per cent and is probably greatest
in the vicinity of the separation point. Thus the
prediction of variable fluid property results
for C,_ from known constant fluid property
results given in [6-8] is now possible, since the
variable x/x,, as a function of T, and T, is
known approximately from expression (41);
values of C, Re} and other flow and heat-
transfer characteristics being available from [4].

In Fig. 5 the scaled dimensionless ratio
Nu,Re,}/NusRe,} as a function of x/x, is
displayed for the cases (7T,, 7,)= (0, 100),
(100, 100), (100, 0) and (0, 0); note that the con-
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stant fluid property cases are limiting values as
T, —» T,. For the cooled wall results with
T,, = 100°C and as T,, decreases from 100 to 0°C
then 0-56 > (Nu,Re,, */Nu,Re, ) > 0-48;for the
heated wall with T,, = 0°C and as T,, increases
from 0°C to 100°C then

036 < (NugRe;*/NugRey?) < 042,

Thus on using the variable x/x, it is seen from
Fig. 5 that variable fluid property cooled wall
results are given accurately to within an error
of 1 per cent in the interval 0 < x/c < 095
by the constant fluid property heat-transfer
coefficients, but near separation the deviation
is — 14 per cent. In the case of the heated wall
results this correlation, in view of the cooled
wall results, is poor. Here the deviation at the
separation point is + 16 per cent and even at
x/c =08 it is +4 per cent. Nevertheless the
conclusion is that given the empirical result (41)
it is possible to predict with accuracy either
heated or cooled wall local skin friction and
heat-transfer coefficients from known constant

G. POOTS and G. F. RAGGETT

fluid property results; for the region
0 < x/x; < 0-8 the deviation incurred would
be at most 4 per cent.

5(b) The circular cylinder

Velocity and thermal profiles. The forward
stagnation point, and the final separation point
velocity profiles for the potential flow past a
circular cylinder are displayed in Fig. 6 for wall
and main stream conditions (T,,, T,,) = (0, 100),
(100, 100), (0, 0) and (100, 0). The associated
cooled wall thermal profiles are given in Fig. 7
and the heated wall thermal profiles in Fig. 8.

Consider first the cooled wall results specified
by (T, T,,) = (0, 100) and (100, 100) with separa-
tion points located at x,/c = 1-742 and 1-822,
respectively. In the region 0 < x < =/2 the
external flow is accelerated, and cooling the
wall (and hence increasing the wall shear stress)
has the effect of decreasing the acceleration in
the boundary layer. After the pressure minimum
at x = /2 the external flow is retarded and
cooling the wall enhances this effect. Thus the

usu,,

F1G. 6. Dimensionless velocity profiles for the cylinder with mainstream
U, = Ugsin (x/c}. —+— (T, T,) = (100, 0); = — —~ (0, 0} or (100, 100);

(0, 100).
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F1G. 8. Dimensionless heated wall thermal profiles for
Uy = U SINIX (). — . — (T, T,,) = (100, 0); — — — (0, 0).

(0, 100).

effect of cooling the wall shifts the point of
separation towards the forward stagnation
point. In the case of the heated wall results
specified by (T,, T,) = (0, 0) and (100, 0) the
separation points are x,/c = 1-822 and 1935,
respectively. Here heating the wall enhances
the acceleration effect of the main stream in
the region 0 < x/c < /2. Thus, there is a
movement of the separation point away from
the forward stagnation point.

It appears from these results that the effect
of variable fluid properties on the location of the
separation point is much less for the potential
flow past a circular cylinder than in the case of
the flat plate with main streamu,, = u(1 — $x/c).
However, the cylinder results can be compared,
after the pressure minimum, with those of the
flat plate. For, at x/c = n/2, the cylinder
velocity profiles, if suitably scaled, are of the
Blasius type. Clearly, for various wall and
mainstream temperatures, the separation
distance x, for the flat plate must be related to
the separation distance for the circular cylinder
measured from x/c = n/2. This proves to be
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true approximately since (Xg/c ~ 7/2),y1/(Xs/Chptate
takes the value 0-254, 0260 and 0-240 for the
wall and mainstream temperatures (T, T,,) =
(0, 100), (0, 0) or (100, 100) and (100, 0), re-
spectively. Accepting the value 0-260 given by the
constant fluid property model it follows, on
using (41), that for the cylinder separation will
occur when

3 1 {Pr,\}

2
4 \Pr,, (42)

Boundary-layer thicknesses. The dimension-
less boundary-layer thicknesses 8, Ref/x and
5, Re} /x are given in Tables 3 and 4. At the
stagnation point é, and J, are finite and
increase slowly in the acceleration region. A
small distance upstream of the pressure mini-
mum the rate of growth increases rapidly up to
the separation point. As in the flat plate solutions
cooling the wall produces an increase in the
rate of growth of the quantities; heating has the
opposite effect.

Skin friction and heat-transfer coefficients. The
dimensionless group C,_Re}_is tabulated from
the forward stagnation point to the separation
point for various wall and main stream tem-
peratures in Tables 3 and 4. Although C,_Re?_
decreases steadily from a finite value at the
forward stagnation point to zero at the separa-
tion point, it must be remembered that the
local shear stress t,,_is zero at x = 0, reaches a
maximum at approximately x,/c = n/4, and
then decreases rapidly to zero at the separation
point. In Fig. 9 the scaled dimensionless quantity
C,.Re}_ is plotted against the variable x/x,
for the cases (T,, T,) = (0, 100), (100, 100),
(0, 0) and (100, 0). As in the flat plate solutions
the variable fluid property results are closely
approximated by the known constant fluid
property values. Once the variable x/x; is speci-
fied, using expression (42), variable fluid property
results for C,_Re} /C, Re} can be deduced,
except near to the separation point, from the
constant fluid property model. For this reason
the authors felt there was little justification in

G. POOTS and G. F. RAGGETT

doing further calculations on the circular cylinder
for other than the limiting wall and main
stream temperatures listed.

The dimensionless heat-transfer characteristic
Nu,Re,* is tabulated in Tables 3 and 4 for
0 € x < x, for various T, and T,,. The dimen-
sionless ratio Nu, Re,, */NugRe,} is displayed
as a function of x/x, in Fig. 10. Note that values
of this ratio for wall and mainstream tempera-
tures (T, T,,) = (100, 0) and (0, 100) are coinci-
dent and are given graphically by a single curve.
As in the skin friction coefficient the variable
fluid property values are given, to within a few
per cent by the constant fluid property model for
the range 0 € x/x, < 09.
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APPENDIX

Numerical Solution of the
Boundary-Layer Equations

The numerical procedure for the solution of
the basic equations was programmed in Algol
and computations completed on the Atlas
Computer at Harwell.

The procedure for solving the transformed
equations (10) and (11) with the relevant
boundary conditions was developed by Hartree

{(Pﬂ)ﬁ 1,j q(Mii- 1)/}
(P)m Y

+ = (7 + DY+ ¥ D=

nj

- [(117‘" Aq,;
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and Womersley (see Hartree [7]). This implicit
method is basically that proposed by Crank and
Nicolson [18] for the integration of the linear
transient heat conduction equation; the latter
being a convergent and stable process for all
finite values of the relevant mesh lengths.

The Hartree-Womersley method has been
applied to various boundary-layer investigations
(see for example [7, 8, 11]). Derivatives in the
E-direction are replaced by backward difference
formulae (without truncation error) and all other
quantities by averages. The partial differential
equations are reduced to the solution, at any
station &;,, along the wall, of a pair of non-
linear coupled ordinary differential equations
whose coefficients are dependent on the known
solution at the previous station ¢&; Central
difference relations are used to approximate
derivatives in the #-direction. An iterative
matrix scheme, to be described, is employed to
solve these equations.

Suppose that the velocity and thermal field
functions F and @ are available at the station &;.
It is required to evaluate these functions at
the next downstream station &;.;. Working
in terms of the new velocity field function

q = dF/on, (43)
equations (10) and (11) are approximated by

n "
gy YA+ B ) gy + G - DT jjqi dn + G+ 2 qwi}”g g% dn
0

[

nj-1

(on);
(il)d ',J:
(5 i+1 'l+{(p)m‘1,}

+(%—)*)q:.j Sq,dﬂ‘l"(l ﬂi)qz, +ﬂl +ﬁl+1 p

0

], (44)
pl,j p;+1,1
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and

&

{(Pk)ﬁiﬁx,jg(m»w '_,_ EPr,,,(C +c0 )l - pewr v gdn + & + HeMY d
{nk) i+1.J 2 P,y pi+ 4 3 |2 i+1,j {4407 + 3 i+1,; \di+1 Q8
L

R Whm ] = T Pm

O ey 3
Py

— Mgi; + G+ 1,j) 9%“1

LF)

K "1 Pr, ,
= — [((P(;;(.z.;@;.' j) + .;: C’m (cp,, +c,M N {(% - DO, X gdn
m )
0

L]

+G+ A0 S Givrdn + Mg ; + Gise,)) ei,j}} (45)

0

respectively, at the (i + 1, j)th mesh point. Here h = #;,, — #;is the mesh length in the n-direction,
1= Sivr + &
6i+1 - fi,

and the prime denotes differentiation with respect to n. The superscript M is used to denote the
Mth iterate. Derivatives in the #-direction are now replaced by truncated central differences formula,
as in the following
RPN ' - i{(pﬂ)i,j-f-i _ o)y + (om)i, j-4 o (pn)s, j- 4 . (46)
( ’) P (e, T (P YT oy, B 1}’

om

and the integrals are evaluated by quadrature using the trapezoidal rule as in

n
ng‘dﬂ =hgis + G2+ -+ Qi -1+ 3 ) @n

On using relations of the type (46) and (47) the left-hand side of (44) contains, in general, three
unknown and the right-hand side three known pivotal values of g; similarly for equation (45).
Let N be the number of mesh points in the n-direction. It is required to solve the coupled non-linear
pair of N simultaneous equations in g, ; and €;,, ;forj = 1,2,... N in terms of the N known
pivotal values of g; ;and 8, ;.

Both the velocity and thermal equations (44) and (45) can now be expressed in terms of the following
band matrix scheme. The first equation (j = 1) is

~ LOOXPLY + LOXULY = PO, )
and forj=2,3,...N,
L# XPELY, — LPOXELD + LI XU, = — PP, @)

For the velocity field:

Xi+l,j = Gi+1,p Xit1,0 = 0,Xis1,N+1 = i (50)
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and the vectors L and P are defined by:
_ (Pﬂ)en,j'*

Lj~1 = (on) - %hz(% - A) o+ Zlfhz(’.lf + 4) (Qi,j+i - ‘15,1—1) - %hz(i + %) Riv1,j (51)
i+1,j+4 T OMiv 1~
L= (or) +1,;+«(&pﬂ)(l’l‘) ab g G + DG a1 — G j-1) + PP+ Bir ) div s, (52)
" L3
Lyey = CORLIES o g12(h = Dt + W+ Dot (53
(pu);,j+ 1 (ou);, j+4 + (o, -+ (puh, j-1 11,2(1
cm T g - d d . d iy +3h — A i1 — Qi i) %
j (p”)m qdij+1 (p#)m q;,; (pl‘)m qi,j-1 1T 7 (7 )(qt,1+1 q,j 1) i, j

+32G + V(i jrr — i j- ) Fivr,j-1 + G+ D@ a1 — G j-)%rn -1+ h* A — B Qiz,j

+ BB+ Biv1Sier, b (54
where

aN,j‘_"QN,I+QN,2+"'+QN,J'—1+%QN,}’ (55)

and

Si,j = Pl i, j (56)

Similarly for the temperature field :

Xi+l,j= 9i+1,jaXi+1,0=0in+1,N+l = |, (57)
(oK) 1,55 B> Pry
Lj-y= ok };(Cm + i JG = Ve ; + G+ Dagey ) (58)

L = (Pk)i+ 1,43 + (OK)i+1, -4

Pr,,
+ ﬂhz?—-(cm,, + Cpie ) @it i+ Qi) (59)

a (k) o
(PK)is 1,744 | W2 Pry,
Ljer= (pk;,:+ + 'Z_é;(cm,j + Cp, D -4 o+ G+ Ny, ) {60}
and finally
i (pk)‘.- j+1 (pk)i, j+ % + (pk)i, i— % (pk)i, i—% Prm
i~ (pk"m 9;’,1’+1 - 4 R L] Gg,j + "’““—‘(pk;m 9:.}—-1 + %hz?’:(cp‘j‘{” Cpie, ',-)

x[FE -6 1 — 6Oy Joy; + 3+ DO 41— O i) Wisr,; + AUy + Giss,)) 8.}
(61)
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The iterative scheme used to solve the
nonlinear simultaneous equations (48) and (49)
for the velocity and thermal field functions is
now described. ¢; ;and O, ;forj=1,2,...,N
are known and as a first approximation for the
velocity field the elements L(®, L®, L%,
of the band matrix and the right-hand side
elements P{) [as given by expressions (52-54)]
are computed assuming that ¢{%, ; = ¢; ; and
6,.1.;= 0 =* The X-vector is computed
from the band matrix (48) and (49) using the
Choleski method. Thus a new estimate g{3, ; is
known. With the same O the process is
repeated for the calculation of g%y ; with
M =2, 3, 4 and etc. until there is no further
change in current values. For this estimate of
q;+1,; the iterative procedure is now applied
to the thermal field equations [as defined by
(57-61)] giving, for the current values of
gi+1,; a new estimate of ©;,, ; This iterative
subroutine, for the calculation of g;,,,; and
©,.,,; is again repeated until some overall
test on accuracy is automatically satisfied.

The integration is started at & = 0. For the
flat plate with u, = uy(1 — x/8¢), go(n) = f'(n)
and @,(n) = 6(n), the variable fluid property
Blasius functions are already available from [1].
The programme involving the above iterative
matrix schemes was tested on the known velocity
field solutions for (T,, 7,,) = (0, 0) and (100, 100);
at the same time the thermal fields for Pr, =
13:621 and 1:737 were obtained. For these, as
already discussed, the numerical process breaks
downnear x = x due to the algebraic singularity
at this point. Indeed, as the velocity field is not

* In general, information is known at stations upstream of
£+ and a better estimate is

Cri— &
Gi—&i-

Qivry =g, + 4,5 — Qi-1,)
1

together with a similar expression for €, ;
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analytic at x, finite differences will no longer be
meaningful. Moreover, the actual assumptions
of boundary-layer theory are no longer valid
in the upstream neighbourhood of x since
(Ou/dy),, is small. Variable fluid property calcu-
lations were then attempted and as in the con-
stant fluid property case the numerical process
failed to converge at some critical distance
x,, when (Ou/dy),, was small. It has not, however,
been established analytically that this behaviour
is due to an algebraic singularity at x, and this
question remains unanswered at present. Due
to the labour and more important still the
expense involved in obtaining the numerical
results when the wall shear stress is small, the
programme was terminated when x; was known
to three significant figures. For example in the
worst case for the flat plate with T,, = 0 and
T,, = 100°C to approach the quoted value of
x,/c = 0:677 a mesh length in the £-direction
of 0001 is required from 0-665 onwards; at
x,/c = 0677 the value of (02F/dn*), had then
decreased to only 7 per cent of its value at the
leading edge. Furthermore, the actual Atlas
computing time for N = 60, h = -1, per step
in the £-direction, was usually at most a minute.
In the solutions for the potential flow past a
circular cylinder with u,, = u, sin (x/c) the initial
functions q, = f'(y) and @, = &n) relating to
the variable fluid property two-dimensional
stagnation point, defined by equations (23, 24,
19), were required. These were computed using
the basic iterative scheme already incorporated
in the programme written for the Hartree—
Womersley procedure. The integrations from
x =0 to x, for (T,, T,) = (0, 0) or (100, 100)
were found to be in excellent agreement with
those of Terrill [11]. Due to the acceleration
region from x/c = 0 to n/2 the number of steps
taken in the &-direction for the variable fluid
property solutions was of the order of fifty.

Résumé—On présente des solutions numériques des équations de la couche limite laminaire bidemen-
sionelle pour des écoulements d’eau avec transport de chaleur et gradient de pression contraire. Les
valeurs expérimentales (dans la gamme 0 a 100°C) de la viscosité, de la conductivité, de la chaleur spécifique
et de la masse volumique sont utilisées. En introduisant les transformations de Howarth-Dorodnitsyn
et de Gortler, les équations de la couche limite sont mises sous une forme convenable pour ’analyse
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numérique. La paire d’équations aux dérivées partielles couplées qui en résulte sont résolues, en employant
la méthode implicite de Hartree et Womersley, d’abord pour I’écoulement le long d’une plaque plane
avec une vitesse de ’écoulement principal u,, = u, (1 — x/8¢) et ensuite pour I’écoulement potentiel le
long d’un cylindre circulaire avec une vitesse de I’écoulement principal u,, = u,sin (x/c). Les caractéristiques
de la couche limite telles que les épaisseurs de déplacement et de quantité de mouvement, les coefficients
de frottement pariétal et de transport de chaleur sont évalués jusqu’au point de décollement. Leffet de la
variation des propriétés du fluide consiste en un déplacement de la position du décollement vers ’amont
ou vers 1’aval de I’endroit connu correspondant 4 I’écoulement incompressible isotherme selon que la
paroi est refroidie ou réchauffée. Par exemple, avec une vitesse de I’écoulement principal de la forme
iy = gy (1 — x/8c), les résultats numériques montrent que le décollement se produit vraisemblablement
pour approximativement x,/c = 0,959 (Pr,,/Pr,)t. Dans le cas ol u,, = u,, sin (x/c), I’endroit approximatif
est donné par x,/c = n/2 + 0,25 (Pr,/Pr,)*. Ici Pr,, et Pr, sont, respectivement, les nombres de Prandtl &
la paroi et dans ’écoulement principal.

Zusammenfassung—Numerische Losungen von zweidimensionalen laminaren Grenzschichtgleichungen
fiir Stromungen mit Wirmetibergang und gegenlidufigen Druckgradienten werden fiir Wasser angegeben,
Versuchswerte (im Bereich 0-100°C) fiir Zdhigkeit, Warmeleitfahigkeit, spezifische Warme und Dichte
werden verwendet. Durch Einfilhrung der Howarth—Dorodnitsyn und Gortler Transformation werden
die Grenzschichtgleichungen in eine fiir die numerische Bearbeitung passende Form gebracht. Das sich
ergebende Paar von gekoppelten partiellen Differential-gleichungen wird geldst mit Hilfe der impliziten
Methode von Hartree und Womersley; 1. fiir die Stréomung entlang einer ebenen Platte mit einer
Strémungsgeschwindigkeit u,, = #, (1 — x/8¢) und 2. fiir die Potentialstromung entlang eines Kreis-
zylinders mit der Hauptstromgeschwindigkeit u,, = 4, sin (x/c).

Grenzschicht-Charakteristika wie Verdringungs- und Impulsdicke, Wandreibung und Warmeiiber-
gangskoeffizient werden bis zum Ablosepunkt und Wirmeiibergangskoeffizient werden bis zum Ablose-
punkt bestimmt. Der Einfluss verdnderlicher Stoffwerte besteht darin, den Ort der Abkdsung stromauf-
oder stromabwirts vom bekannten Ort fiir inkompressible isotherme Strémung zu verlagern, jenachdem,
ob die Wand gekiihlt oder beheizt ist. Fiir die Hauptstromgeschwindigkeit u,, = u, (1 —~ x/8¢) beispiels-
weise ergibt sich in der numerischen Auswertung die Abldsung etwa an der Stelle x,/c = 0,959 (Pr,/Pr,)}

Hier bedeuten Pr,, — Pr,, die Wand-und die Hauptstrom-Prandtlzahlen.

Aunoran@s—]{as BOAH IPHBOAATCA YACICHHNE PellIleHNs JBYXMePHEX ypaBHeHuH JTaMHHAp-
HOT'0 TMOTPAHUYHOTO CJIOA TeUYeHHH IPH HAMMYIMH Telo06MEeHA M OTPUNATEJBHOI0 rPajiMeHTa
masnenuA. VicnonpayioTeA »KCHepUMeHTaNbHHE 3Havenns (oT O no 100°C) BABKOCTH, TemIo-
NPOBOXHOCTH, YHEJbHOM Tema0TH H INIOTHOCTH. BBefenme mnpeoGpasosaumit XoBapTa—
Joponunmuina n I'épraepa MpHBOAMT ypaBHEHNMA NOTPAHMYHOTO CJOA K BHAY, yXoOGHOMY
AuA BuuMCiAenuit. C MOMOINBI0 HeABHOro Merofa XapTpw M YoMepciau pellaeTcs peayib-
THpYOmMAA Mapa B3aMMOCBABAHHHX AU(PEepeHUHaILHNX ypaBHeHAH B LACTHHX IPOM3BOX-
HHX, BONEPBHX, AJIA ILUIOCKOY IUIACTHHH B INOTOKe NPH CKOPOCTH OCHOBHOTO IIOTOKA
um = up(l —x/8c) ¥, BOBTOPHX, IUIA KPYri0ro IWJIMHZPa B 0e3BHXPeBOM NOTOKE NpH
CKOPOCTM OCHOBHOTO MOTOKA Um = Mg - Sin (x/c). XapaxTepMCTHKM NOTPAHUYHOTO CIIOH
TaKME KAK: TOJIIWHA BHTECHEHWs, TOJIIMHA [OTEPH HMMIYIbCa, KOBQPUUHMEHTH HOBepx-
HOCTHOTO TPEeHHMA U TENI006MeHa ONpeleNAIOTCSA ZO TOYEK OTpHBA. BiauAHWe nepeMeHHHX
CBOMCTB JKHKOCTH BAKIIOYAETCA B NePEeMEIIeHNHN TIOJI0MKEHNS TOYKH OTPHBA BBEPX HMJINBHMB
[0 TEYEHHIO G CPABHEHMIO C MBBETCHHM IIQJIOMEHMEM 9TOH TOYKH B CIy4Yae HECHEMAEMOTOo
MB0TEPMMYECKOTO IOTOKA B BaBACHMOCTM OT TOr0 HArpeBaeTcA CTeHKA MM OXJa-
mpaerca. Hanpumep, HpH CKOPOCTH OCHOBHOTO MNOTOKA Uum = Up(l —x/8¢c) nomyuennne
YUCICHHHE pe3yJIbTATH TNOKA3HBAIOT, YT0 OTPHB NPOMCXOEAT NpUGAMBHTENHLHO IIpH
xs/c = 0,959(prm/pro)t. Oas ciyuasds um = ug - sin (x/c) npuGammennoe pacHoOHeHHe
B0HH OTPHBaA ompefeasercA Xs/c = 7[2+0,25 X (prm/prv)t. 3mece pro M prm — 4ucaa
[IpanATIA MJIA CTEHKH M OCHOBHOTO IOTOKA, COOTBETCBEHHO.



